
Bosons
-

consider particle with Hilbert space
1×3 . Usually we think XE IR?

However
,
in AMOICM

,
we might also

consider X E Z?
~

. . .TV .
. .

X=0 I 2 3

It won't make a difference in the

following except for fdx vs E :

# = folk Ix > txt us D= ? 1×75×1

and TXIYS -

- SH -

y) vs txly > = Say
In these notes

,
I'll use § notation

.

The wavefunction is 441=5×147

For two particles , the Hilbert

space is spanned by
I Xi

,
Xz > = IX , > ④ I Xz )

XCX .

,
Xz) = TX , ,Xzl 4)

And we can continue : XCX , ,Xz ,
- - - Xn)



We now arrive at a deep physical
fact

.
If the particles are the same

species ( i. e , all W - bosons or

Ru )
,

IX.
,
Xz ) is in fact samey

quantum state as 1×2
,
Xi )

.

For bosons
,

I Xi
,

- r

,

Xi
,

- - - Xj , - - - XN )

= l Xi , . . . Xj , - - - Xi
,

- - -

i. Xn)

"

Exchange symmetry
"

what does this mean?

First
,
for any physical observable ,

TX , ,Xz/ 01 Xi , Xz ) = Exz
,
X. I O ) Xz

,
Xi )

No way to measure " which " boson at x ;

only that as boson is at X .

This constrains the 0 we 'll deal

with
.
For example , the avg . nvm of

particles at site x is

ncx ) = Iz yTxi=x , Xz) 4h .# Xz)

+ ¥
,

4*6 .

, Xz=y) Xcx , ,Xz=x)or



Second
,
it allows for constructive

interference
.

In QM
,
the amplitude

to evolve from 12 → I' 2
'

is a

sumove.ro/lpaths- connecting
initial / final state . For bosons

,

these paths include trajectories
which involve exchange :

i
' 2

'

,

. .
2
'

e I¥f Hi ,
Path I

'

since IX.
,
Xa > =lXz

,
X . > !

This has measurable consequences
for analogs of 2 - slit experiment,
e - g .

" Hanbury - Brown - Twiss "

fdxfcx)
fu) - fo' ii



First t second Quantized W .
F. s

In the first-quarter language ,
we consider XCX .

,
Xz
,

- - - )
and demand 4L . . ;xi .

- -

i. Xj
- - 1=41 - n. xj ,

- -

i. Xi
- - -)

147=+7
,

4CExi3) lexi 's)

If Pij swaps ie→j , we can think

of Pij 4=7 as a symmetry . Is

this demand consistent with time -

evolution? Yes ,
because physically

admissible H also preserve Pij :

H - Efim + vcxi ) t I ucxi - Xj ) ' - -

Pij H Pij = H
-

so i2e4= HY ⇒ Pij 4ft) =4Ct)
for all t if Pij 4101=21 CO) .

toroid terms like V. (Xi ) t Vzlxz )
for V , f- Vz since this distinguishes 1/2 .



2ndQuantized-anguag.ee
Because of symmetry , we see iv. f

.

can always be expanded in terms of

IX.
, xzy.
=/ FE ( 1×4×2>+1×2, X , >) ifxrxz

\ I Xi
,
Xz ) if X , = Xz

More generally , IEXI 5)
+
= #=¥mlPermExi3)#Perm

By definition
, Pij 11×3 > + = LEX's >+ ,

e.g . I 1,3 > +
= 13

,
I > +

.

Since order_ doesn't

matter
,
this suggests different way to

label : we simply count how-ma#
particles

"

Nx " occupy state x :

For N=2 particles in x=l
, 2,3 orb .

'

1×1=1,112--3 >
+

= ( 11,37 +13,13 )

↳ =/ N ,
=L

,
Nz = 0

,
hz=l ) = 1101 )

11,2 > +
= In , =L

,
Nz -

- I ,n3=0) = It 10)

( l
,

I >
+

= In , -_
2
,
Nz -- O

,
n3=0> = 1200 )



The string I Inxs ) is called the

"

occupation basis !'

N = ⇐ Nx = total number

Note that Inxsdependsono-urchoiceofsi-nge-partiebasi.fr
example, rather than basis 1×7

,
could use

Ix >→ Ik)

IX. Xz
,

- - - S → 1K .
.
kz - - - )

I Enx 's >→ I Enk3 )

using TXIK> = e'
'

*

It
,
one can

work out

i. Xi - Ki

5×1
,
Xz
,

- - - I ki
,
Kz

,

- - - > = 1¥ e

However
, computing TEnx3l Ents) is

a bit tricky ! Called the
" Boson

sampling problem
"
: # P - hard

.

You 'll practice on H.W.



Suppose that It is non - interacting ,
N

H' = Efim tvcxi )
i =L

Let ⇐ thx) ) la) = Eat a> be
2=0

,
I
,
2
,

-
-

'

single-party eigenstates; Ix>⇒ In>

Many - body spanned by Iai , da , - - - can)

( first - quant) on
,
in occupation basis

,

I Ena} )
In this basis

t = I Aa . Ea = Ea ataaa Ea

where that no
,
hi
,
ha
,

- - - ) =

Nal no
,
hi

,
Nz
,

- - ->

We see that IT is formally equivalent
to decoupled Harmonic oscillators

,
with

Hwa = Ea and Na = # of quanta
in oscillator

"

a
"



This motivates bosonic raising 1

lowering operators :

Ra = ata Aa
t

Laa
, as ] = Sars
at

, I hi
,

Nz
,
Nz
,

- - - )

= IF I hit l
,
Nz

,
Nz

,

-
-
- J

ai Ini
,

- r - ) =# In ,
- I
,

- r . )
+

So an
"
creates

"
a boson in state x

da
" destroys

"
a boson in state a

Note that under single particle unitary
transformation In> = ⇐ Ugx Ix)

at = ⇐ Ux
,
× at

[ ax
,
at ) = EUI

,
× Lax

,

a'7) Up , y
x. y -

Sx
, y

*

= -2 Us
,
x

Ux
,
x = Sas

×

A non-interacting II = ¥, at Hx, yay
= Zenata Aa

why operate
definedby
commutator
selections

say



The stat - mech of non - interacting
H= E C-aria is simple in Grand
ensemble

.
Since [ ria

, rip 3=0 ,

e- Bl
Italia -NN)=e- B Zero) na

2=-2 e-BE
Cfa -ulna

Enis

= IIC ⇐ e- Bncea
-m)

= at eat

which gives Bose - distribution

1

Tna > = -

@
BCE -Y) - I



Fermions
For fermions

,
Pij 4=-4

444×21=-14×2, Xi)
so we define

p

1×4×2,
- - - I = #¥efm Erm ft) I Perm Ex3 )

e.g . 11,2 ? = Tmz ( 11,27 - 12,1 ) )
Note IEXIS )

.

=O if any

Xi=Xj
So restrict to Xi # Xj

:
" Pauli exc

.

"

Note IX , ,Xz , n

= - 1×2
,
Xi

,
Xz -¥

So we can restrict to representative
Xi T Xz t Xz 5 - i -

Then occupation basis is

IN , =L
,
Nz -- O

,
nz= 1) = I 1,37 -
etc

.

But now nx= O or I because of

of exclusion
.

H = span (
- I 10010 - 7

,
I 1110,3 - - I

② O ②



Exclusion can be understood

as destructive interference

phenomena :
xi xi

^
" '

'

a

t.nu,
Yi Yz
Path I Path 2

wcx)=
[see :p . Shankar's

finna , feisilh - eiszth)→o
am]

Iim s ,=Sz S -

- SLCX) de
i'→z'

Amplitude vanishes for fermions
to end up at same place !

rtlx.la/t=o)---(wCXi-yi1wCXz-yz) - ⇒ )VE

{ Schrodinger .

XCX , ,Xz , t )
Rosie ' 17 Cx : xi.HR



For non - interacting fermions
,
we

thus have H= § Extra in -011

Z= ¥,
e-BE

Cea -a) na

= Into e-Been
-win )

= IT ( It e-
BCE-M)

Tna> =
e

- BCE-w)

¥⇐-m= eBea
1

This motivates 5h >
Bff
= eB¥¥

a

NB

net
÷ BC
nA



F-ermionicraisinglloweringoperatorssimilar.to
bosons

,
we define op- S

Cta
,
Ca
,
ha = Cta Ca .

Let us start with single orbital a- I '
,

C+ In 7 =L n ti ) ctll> =O

C In > = In - l ) Clo > =O

But because M£0,1

CI =@taY-O.ca Ca - na
For a single orbital

,

c=f : : ) E. ( 78 ) n=( 8 :)
But this implies acts ( I 8)

etc -189 )
so Ctc + cat -_ II = Ect

,
c }

EA
,
B } I AB t BA

" anti - commutation relation "

pre factor

107
07
115

h

ct 98 8 L e



But what about C , t Cz ?
t t

Do we have Ici
,
Cz 5=0 or

[ Cit
,
CE ) -0 ? ?

Now we need to be careful

because IX.
,
Xz >

-

= - 1×2
,
Xi ) ! I

-

.

Let us define
-

Ctx I Xi
,

- r

; Xn )
.

= ( Xi
,

- - i

,
XN
,
Xnti EX)

.

Now ctycelx .
.

. .
. ,xn)=Eylx .

.

- - ;xn,Xnti=x )-

= / Xc
,

- - -

,
XN
,
X Nti '- X

, XNt2=y )-

But similarly

Ctxctylx, - -

i. Xn) =/ Xc , - - -

,
XN
,
Xnti -- Y , Xntz -

- X )
-

at

This implies ctxcty = - Ey Ct

w÷÷÷÷÷i÷

Ladder op's operating on different orbitals C andCa

Troy

0 if X x forany i c IN

Bosons commutator 11Fermions anticomm's



Because 11ha3) I IX.
,
Xz

,

- - - 7- for

Xc T X z t n -
-

,

IX.
,
Xz

,

- - - 7- = Ctn - - - Ctxz Ctx
. I > -

if Xi 5×2
,

- - -

.

But this leads to
''
-

"

signs if you
create in a different order! In particular

Cta In ,
,

- - -

,
ha

,

- - - 7 = N In .

,

. - -

,
Natl

,
- - -)

E. np
where p =L

- 1) Bao
-

" Jordan Wigner string
"

so even though the Hilbert space
of fermions took like 5-

'

12 spins ,

11ha 's> = 1001101 - -
- J n 1449949 .

- - )

fermion FI are built from Cta
,
Ca

which behave different from Sta
,
S2 !

Mx


