
Landau Theory
A phase transition occurs when thermo -

potential , e. g. FIT, N ,
V)
,
has non- analytic

behavior in T.MY - -
-

n

^

✓ Kinkt+ ¥
.

1st Order :

ZGF discontinuous
2nd order

2g F continuous
,

since 5=-3,E-
,

F--3¥
,

7É= - f-
0¥
2hr2 etc

.

↳ jumps / Kinks in observables

= First order behaviour :

- metastability E
- hysteresis F→+
- katentheat IT

5. = - 3¥- - sz= -3T¥
Since F. = Fz at transition

F ,
= E

,
- Sit = Ez- Sz Tc

( Sz - 5.) Tc = Ez - E. = oQ -20

So if system heats up Tc - c- →Tete

it must absorb extensive " Latent Heat oQ"

Like a [ =
DE

DT
- •

S

Ff kink

1st 2nd



Latent Heat is useful !

H2O melting : 334,000J/Kg=oQ
Beer phase

✓ -← Ice phase⇐Em
water phase

Liquid→ steam : 2.2106J /kg =oQ

can also show
SSB rare

butmaybe
Ex Pottsmodel

w 9 4
it'snotreally
spontaneous

477to T Theremust
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Continuous phase transitions
,
on the

other hand
,
are found to occur between

certain " allowed "

pairs of phases .

For example, consider a transition
between two structural phases of crystal :

SG , 562

e- - - - • :* - - goa ! I → anti
⑥ . - - - !•
a

÷
. . _•i
a- §

Tttc T> Tc

on both sides there is a
"

space

group
"

,
SG ,

,
562

, describing symmetry

of crystal ( 230 in 3D)
.

In this

case 562 C 56 , and we will
2
subgroup

find continuous allowed
.
But for

562

SG , 0.088- - -
-

••&•

go
- - - § ;
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- - - - i•eB: - - - -•eB☒
iii.
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"
'
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"

no continuous critical point observed;
" forbidden ! can be related to group

-

theoretic considerations
, e.g . 562 I 56 ,



Orderparameters

symmetry breaking always implies
a phase transition . If gÑg"=H
for g c- G ( e. g TED- T for 1-1=-2 Tio. )
and " §

"
is an observable with

g g-
'

=/ § , we call § an
"order

parameter
" for g. Ex :

• • •

Ti
•→ - - _•jgo.Ox

• • •

Ba

The cubic crystal has various symmetries

including Mxly and Cy ( Ryoo )

However in ( say ) Bati 03 ,
above some

Tc
,

the Ti displace by
§=C$× , %)

Since Rqoo :( oiyoy ) → (-04,0-1)=18 ,

§ is "order parameter
" for Raoo



Formally ,
order parameters carry an

" irreducible representation
"

Cirreq)
of the symmetry group .

If 50/7=10 , the symmetry is

spontaneously broken .
So 503=0 vs

to > 1=0 is sharp distinction which

must be separated by phase transition:

ay
- Different symmetries""←t0/2

Landau theory is a phenomenological
framework for deriving when its possible
to have direct

,
continuous transitions

between different orders ( and there are

some
" beyond Landau

"

exceptions )
.

C

a

neighborhoodof
continuous transitions
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theleffectiveitlamiltoni.am/Freeenergf

Suppose we have identified an order
N

parameter / s { Gi } ,

e. g. , 0= IT .

i =\

How do we understand transition ? Of

course if we can compute
to > =¥EéB7"M§(us , we're

good , but that's usually hard ! Landau

introduced idea of "effective
"

Heffley) .

Key is trivial identity :

Sdp 814 - x ) =\

We can write

e-BF = I e-
B " 't ]=gdoI-zéB"HscoI -0cm)

~

FÉ¥Ip)
e-BF =fdoI e-Biv Heffler)

/ DOI e-B-
V. Heff ( ITB)

☒

¢ > =

¥É-ffÑ



As V -300
,
dominated by max

JET Neff ( OI
,B) =O

The solution then gives to) and

F- = Neff ( §, B)
V

so
, if we could compute 7-leffloI.rs) ,

we could calculate any property
-

4,9 , F, Cv , S etc from one variable

stat - mech ! Of course we've just swept
problem under the

rug :

e-B. v.Heftier) =§e-MH8CoI - qui )
is hard to compute .

Here's where

we go phenol. Near a ( continuous )

phase transition , 01 is small :

a

so expand↳
t.mu

Neff = Hot x - G t A 0/2 t C 93 t B 04 t
- -

-

where Ho
,
a
,
A etc depend on TV , Neto.

son
to look
at 2nd
orderpts



If there are multiple order parameters ,
i
,
then I ✗ i. fit Aij iojt etc

.

i

since 711g .N]=7l[µ ] for g c- 6
,
we know

7-left ( g. OI
,

T
,
N

,
V ) = 7-left / E

,

T
, Niv)

This constrains the expansion .

In

particular , since got =/ OI for some g. c-
6

(order parameter) ☒

7-left = Ho + A
2

+ C ¢3 + B
4

+
- -

-

In general , Aijoiioj ( etc ) can only
have Aij -40 if decomposing the tensor

product
of ☒ of =P .

+ Fat - -

contains irrep F. = # ( trivia ) )
.

This is just complicated way

of saying 7-left is symmetric under 6 .



Ising Example : glr)= - r g- =L
6=212

= f- Eri , g 1=-01

So 0/3 is forbidden :

Ffeff (B) = 710 + A 0/2 + 130/4 + . . .

Let's assume ( for now ) B > 0
,
so ☐ 06

won't be important . Two cases :

A > 0 A- e- 0

976ft 9 Heft

* •¥
to > =0 to > =/ 0

o=%t¥f_ = (2^-1-4130/2)=0

§ = I VF¥ for ATO



The critical point is A=O
,
so we

can expand
A- = do ( T- Ta) + ✗ , (T- Tait -

-

To leading T- Te
,

to > =±VF- ✗ ± IT- To

for T Etc

* a
Predicts critical exponent

mp=h÷
We can then compute F :

FCT) = Folt ) + A 02

= ) Folt) - ✗¥÷tT + - - .

,

Tite

{ Fo ( T)
,

T > Te

Fo (T ) = fo + (T- Ta ) - f ,
+ - - . is

" smooth
"

across transition
,
but A- 0/2 + 1304

gives kink



=
[Solttt dflTj t - - - Tete

S= - It 2 '

* (soft)
,

T > Tc

( = Tff = fact
) t t.gg

Colt)

so heat capacity ( but not F, 5,0 )

jumps :

cry
-

Field Dependence
If Hcv ) → Hw) - h - Ioi

,

then

we exactly have

Neff = Ho - h § + A 0/2 t B
"
t - - .

We can then use same analysis
near Tc !

h = Lao ( T- Te ) 0 t 4 130/3



We now have 0/1=0 for and t=T
transition is

"rounded out
' ! The width

of the rounding ( in t) is

to t 42 - h of

Ot - ÷

With of -FotT2B ( h=O result)
width of h- induced rounding :
ot-hZBB.IS/x#-

Susceptibility

h = 2 not 0 t 4 130/3

For t 70
,
to leading order-

¢=zt¥ ⇒ X Lot
Diverges as Yt

.

= (¥)
"3

" 8=3
"

Neff

For C- to : ✓ Jumps !

I



¢ aFor t - o

}# n
-

However
,
we can calculate

Xlt
,
h) = 2h01 at h= OIE;

From h = 2 go t0 t 4 130/3 , we

expand of = -{T +801

↳ h = 2 hot 84 t 1213844%5/+660/2)
Sol =
h_
- 4×0 - t

- t
' '



Summary of
"

Exponents
"

-

" Heat capacity exponent
' ' ⑥

c , {
At t
"

i
t > °

: 2=0

A - C- t)
,
t - o

-
" order parameter exponent

"

IM

54 > ( t, h=o ) as
0
,
too

{sgnlh) ft)? t - o : p=tz

-
" susceptibility exponent

"

If
*

Xltto ,h=o)
µ ,
-8

,
8=1

-
" Isotherm exponent

"⑧

to > ( t=o, h) x synch) - Ihl
"

8=3



Experiment : ferromagnetism in Dypoy

to >

As predicted, to > - ÉB is a

perfect power law near t-0 . But

B= 0.32 vs prediction f- 0.5 !

Remarkably , a¥=- 3D magnets with

Ising - like order parameter are

found to have the same exponents
to within a couple digits :

a B 8 8

I 3met :

o?,,|%5#.8Exp :

This surprising
" universality " is

subject of 212
.PH



Universality: Shared Critical Behavior 
Ising Model and Liquid-Gas Critical Point  

Liquid-Gas Critical Point 

ρ�ρc ~ (Tc-T)β

ρ Ar(T) = A ρ CO(BT)

Ising Critical Point 

M(T) ~ (Tc-T)β

ρ Ar(T) = A(M(BT),T) 

Same critical 

exponent 

β=0.332! 

Universality: Same Behavior up to Change in Coordinates 

A(M,T) = a1 M+ a2 + a3T + (other singular terms) 

Nonanalytic behavior at critical point (not parabolic top) 

All power-law singularities (χ, cv,ξ) are shared by magnets, liquid/gas  



Non - symmetric Models : 03

The Ising symmetry allowed

us to eliminate odd terms in Heft
,

but that doesn't mean the formalism

can 't be applied more generally . Recall
the liquid - gas transition :

P A liquid .
.

"
C - P

.

"

ist order f
"

Les
,
t

T
VT

Across the transition
,
the density

"
n
"

jumps . This suggests we consider

e-BV
Heffln)

= Z e-Btw
)
Scn - nm)

Now n is not small
,
so we

can 't immediately Taylor expand
in n

. But define n -- nap
.

+ 8h
,

↳ I '

,
SO

C



7-left I 8h ) = E° + ✗ , Sn + ✗z Sn
'

+238h
>

+248nF . -

with di( P
,
T)

,
and ✗ i

,
✗3--10

Now let's make one more shift .
For

each 13T, we can shift by Sn*lP,T)

Sn =/ + SHIP,T) ) .

chosen such that a>→ 0 :

7-left / ¢]=E° + h(P,T)&tA(BT) 02 + BCP,T ) ¢4

However
,

we can't get rid of h
.

ACP,T) , h( P
,
T) vary smoothly in IT,

so they are like " change of coordinate
"

from 17T → A,h space !

h=l

h=
- I

¥¥¥÷:-.

why possible



h"
'

In terms of 0/1
Pn

- ' h
,
A
,

now no different

than Ising : system
minimizes Neff lol ) ,¥g
,

which lead to

phase transition

for all ATO
,
h - O :

N

th: .Oo •

However
,
this is first order

.

The

continuous critical point occurs only
at special A=h=O 5-3 ( Tx

,
Rt)

This illustrates general principle in

Landau theory .
A critical transition

requires both A=h=O
,
so we need

to control two knobs ( RT) to
' 'tune

"

to this point . So generically
transition is 1st order

.
With symmetry ,

however
,
h=0 " for free

"

,
so only need

I knob. (T) → generically continuous
.


